We study the low temperature behavior of an amorphous superconducting film driven normal by a perpendicular magnetic field (B). For this purpose we introduce a new two-fluid formulation consisting of fermionized field induced vortices and electrically neutralized Bogoliubov quasiparticles (spinons) interacting via a long-ranged statistical interaction. This approach allows us to access a novel non-Fermi liquid phase which naturally interpolates between the low B superconductor and the high B normal metal. We discuss the transport, thermodynamic, and tunneling properties of the resulting "vortex metal" phase.
Superconductivity in two dimensions (2d) provides a unique area to explore a fascinating variety of quantum phenomena. Of particular interest are strongly disordered superconducting films, tuned by a perpendicular magnetic field into the normal state. Early experiments [1, 2, 3] focused on a magnetic-field tuned "superconductor-insulator" transition at a critical field B c . Based on a phenomenological "dirty boson" model [4] , universal scaling behavior in the temperature and field dependence of the resistance was predicted near the quantum phase transition (B ≈ B c ) separating the superconductor from the Bose insulator. Although some experimental support was found for scaling of R(T, B), the resistance at the separatrix, R(T = 0, B c ) was often found to deviate significantly from the expected universal value (near R Q = h/4e
2 ).
More recent experiments on such amorphous films at lower temperatures revealed a rather rich and surprising behavior in R(T → 0, B). Specifically, for temperatures well below the mean field transition where Cooper pairs are well formed, the resistance saturates at a value which can be many orders of magnitude smaller than the normal state resistance [5, 6] . This mysterious strange metal phase occurs over a reasonably large range of intermediate fields, B ≤ B c . Moreover, in highly disordered films with B c ≪ H c2 , the resistance at higher fields was found to exhibit a dramatic non-monotonic dependence, rising in some cases up to values of order 10 6 R Q , before plummeting towards the normal state resistance at B ≈ H c2 [7, 8, 9] . A boson-only theory that might exhibit a metallic phase was proposed by Dalidovic et al. [10, 11] . Kapitulnik et al. [12] , however, argued for the importance of fermionic quasiparticles ignored in the dirty-boson approach.
In this Letter we develop a two-fluid formulation, which incorporates fermionic quasiparticles into the dirty-boson model. The two fluids consist of field induced vortices and electrically neutralized quasiparticles ("spinons") interacting via a long-ranged statistical interaction. In the low temperature limit the vortices must be treated as quantum particles and their statistics will be important. Previous work has implicitly assumed that the vortices are bosonic. However in the presence of unpaired electronic excitations the issue of vortex statistics can be subtle. In this paper we explore the consequences of treating the vortices as fermions (see also 13). Technically this is achieved via a Chern-Simons flux attachment to the bosonic vortices. With fermionic vortices and fermionic electron-like quasiparticles our two-fluid model can be studied within an RPA approximation. The fermionized vortices can quantum diffuse, leading to a description of a novel conducting non-Fermi liquid phase which interpolates between the low field superconductor and the high field normal state. We suggest that this "vortex metal" phase might account for the strange metallic behavior observed in InO and MoGe films. Moreover, our two-fluid approach gives a natural explanation for the non-monotonic dependence of the low temperature magnetoresistance. Below we discuss transport, thermodynamic, and tunneling properties of the "vortex metal."
Consider a 2d disordered superconductor in a perpendicular magnetic field below the mean-field BCS upper critical field H c2 . For concreteness we consider a lattice tight-binding Hamiltonian of an s-wave superconductor,
where ∆ is the magnitude of the superconducting order parameter, C −1 is an on-site charging energy and n 0 is the electrical charge density. At temperatures well below the mean-field transition, it is necessary to include quantum fluctuations of the Cooper pairs, which were incorporated phenomenologically via the phase of the superconducting order parameter, φ r , which is conjugate to the Cooper pair number operator, n r . Due to the external magnetic field and strong disorder, one expects a substantial number of low energy electrons will also be present, certainly in the vortex cores and perhaps elsewhere. Moreover, since the strange metal is resistive, the vortices are mobile, and a correct description will likely require incorporating the quantum dynamics of both vortices and fermionic quasiparticles. Such a formulation has recently been obtained in Refs. [14, 15] , and will be reviewed and exploited herein.
Following Ref. [14] it is convenient to make a change of variables:
= e iφ r creates a Cooper pair at site r. This transformation removes the electric charge from the quasiparticles, leaving charge zero and spin one-half fermionic "spinons", f r . The use of spinon variables is merely a technical convenience and does not necessarily imply that they are the good excitations in the system. Indeed in the vortex metal phase the spin-carrying excitations will ultimately be electrons (not spinons). Next, a duality transformation can be implemented which exchanges the operators b r for hc/2e vortices, leading to a theory of bosonic vortices in a fluctuating gauge field which mediates the inter-vortex long-range interactions. Moreover, the vortices and spinons have a statistical interaction between them, i. e., a vortex "sees" a spinon as a source of a π-flux and vice versa.
We describe the vortex-spinon mixture with a so-called U(1) formulation [15, 16] . In the long-wavelength lowenergy limit the corresponding Euclidean action is:
, where L v is the vortex Lagrangian in terms of the vortex bosonic fields Ψ and the gauge field
with:
. The spinon's action is
and the vortex-spinon statistical interaction is mediated by two auxiliary U(1) fields α µ and β µ ,
The equations of motion δL/δα 0 = 0 and δL/δβ 0 = 0 attach π flux to the vortices and spinons,
(5) withN v andn f the vortex and spinon densities. The total electrical charge density is given byn 0 = (ǫ i j ∂ i a j )/π, and for small capacitance will be set by the c-number n 0 , that is n 0 = n 0 . The average number of vortices is set by the external magnetic field B through π N v = B (in units where = c = e = 1).
In the strange metal, where the film resistance R(T ) saturates at low temperatures, it appears that the vortices are diffusing. To access this within the vortex-spinon theory, it will prove extremely convenient to statistically transmute the vortices, converting them into fermions. This can be achieved by attaching 2π "statistical" flux to each vortex, introducing a Chern-Simons gauge field A µ . If we denote the Lagrangian in Eq. (2) as L v (Ψ, a µ , α µ ), the Lagrangian for the fermionized vortices (denoted as ψ) is simply,
As recently argued, fermionization of vortices is expected to be an extremely good approximation due to the long-ranged intervortex interaction [17] . Indeed, by defining a ′ µ = a µ − A µ , and then integrating over A µ , we absorb the Chern-Simons gauge field A µ into a µ . One thereby obtains,
where we have dropped terms less important than the Maxwell term present in L v . Remarkably, the resulting theory of fermionized vortices has no Chern-Simons term. The full Lagrangian, L fv + L s + L int , describes fermionic vortices and spinons interacting via a statistical interaction, and constitutes our two-fluid formulation of 2d superconductors in a field. Generally, the fermionized vortices will see an effective average "dual" magnetic field with strength
The electrical charge density and the vortex density are externally determined conserved quantities. But now considern f : as it stands, in addition to the conservation of total electrical charge, the total spinon (or electron) number, N f = dx n f is also conserved by L. This additional global symmetry is present because we have dropped a term proportional to ∆,
where the operator O † α (r) inserts 2π flux in ǫ i j ∂ i α j at r. This term originates microscopically from the term e −iφ cc whereby a Cooper pair is created from two electrons. As we will later show, the term L ∆ is perturbatively irrelevant in the "vortex metal" phase. Thus the conservation of N f is an "emergent symmetry" not present microscopically. Although the term in Eq. (9) is irrelevant, it has an important role: it allows the spinon density to adjust, such that the total energy of the system with ∆ = 0 is minimized. This condition then determines the spinon densityn f . It is possible that over some range of parameters the spinon density adjusts itself to make b fv = 0 and fermionic vortices are natural variables. Another example is the limit of vanishing vortex mass, m v → 0. In this case, the bosonic vortices "condense" and expel the flux (b v = 0), which sets n f = n 0 , effectively "gluing" the charge back on to the spinons. Thus, one recovers an ordinary Fermi liquid of electrons. Alternately this may be described as an integer quantum Hall state for fermionized vortices with ν v = 1.
Despite the average effective field in Eq. (8), the transverse force on a moving vortex is expected to be small in the disordered situations of interest -essentially due to the "normal" core, the local dual magnetic field in the vicinity of the vortex is small. In this case, we expect that the fermionized vortices can quantum diffuse, leading to a non-zero resistance at low temperatures. Below we explore the properties of the "vortex metal" phase resulting from the action in Eqs. (2-6). We neglect possible quantum interference effects.
For transport properties, a semi-classical Boltzmann equation or even Drude theory is probably adequate. In the latter case, the statistics of the particles are not important, but it is essential that the statistical interaction between vortices and spinons is correctly incorporated. Specifically, when the spinons move they induce an electro-motive force (EMF) on the vortices and vice versa. Similarly, an electrical charge current induces an EMF on the vortices. These effects can be summarized in the following transport equations, which describe the response of the system to an electrical current J and to a thermal gradient ∇T : where j v/s are vortex and spinon currents, respectively, andẑ is a unit vector normal to the film. Here, σ v/s and λ v/s are dimensionless transport "conductivities" of the bosonic vortices/spinons determining their current response to the EMF and thermal gradient. Generally these quantities are two-bytwo matrices with off-diagonal components. The resistivity tensor of the fermionic vortices (σ fv ) −1 will differ from those of the bosonic ones by integer off-diagonal terms due to the Chern-Simons flux attachment. Thus, (σ fv ) −1 = (σ v ) −1 + 2πǫ, with ǫ the unit antisymmetric tensor (ǫ xy = 1). The physical electrochemical potential gradient is given by E =ẑ × j v . Note that both the magnetic field and the electric field seen by the spinons is the same as the external ones. Thus the spinons respond to the external electromagnetic field as electrons. In the absence of a thermal gradient one can extract the (dimensionless) electrical sheet conductance matrix defined by, J = σE:
Thus the spinon and vortex contributions to the total conductivity simply add within this two-fluid theory. It is expected that the off-diagonal components of σ Before exploring the "vortex metal" phase, we discuss the expected (T = 0) behavior of σ v/s as the strength of the external magnetic field is varied (Fig. 1) . At low field the vortices are well separated and localized by impurities and the strong inter-vortex interaction, implying σ xx v = 0. This is the superconducting (vortex glass) phase with R(T = 0) = 0. With increasing field and density, the vortices can delocalize at a field denoted by B 2 in Fig. 1 , and will quantum diffuse with nonzero diagonal σ xx v and nonzero electrical resistance -this is the "vortex metal." Finally, at large fields (B 3 ) the bosonic vortices can condense giving σ xx v = ∞ (the fermionized vortices form the ν = 1 IQHE state with σ xx fv = 0). This is the conventional Fermi liquid with R = 1/σ s . The spinon conductivity is likewise expected to be zero at very low magnetic fields, since the spinons will predominantly be localized at the cores of the well separated vortices. At some field, B 1 , spinons may become delocalized, and form an impurity band connecting vortices [18] . If this occurs with σ xx v = 0, this is a "superconducting thermal metal" phase. Finally, in the very high field limit, one expects the spinon resistivity to approach the normal Fermi liquid resistance, (σ xx s ) −1 = R N . For very disordered films with weakened superconductivity, the vortices will be especially mobile, and will condense at low magnetic fields, B 3 ≪ H c2 . With dilute vortices the spinon resistivity could be significantly larger than R N at B ≈ B 3 , and the films electrical resistance will have a very large peak just below B 3 . This behavior is consistent to that observed in such disordered samples.
Let us now consider the thermal conductivity κ xx . We assume that Fermi-liquid theory applies separately to both the fermionized vortices and spinons, then To address the Hall response, we need to consider non-zero off-diagonal "conductivities". The Hall angle is then,
Another quantity of interest is the Nernst angle. Again ignoring small off-diagonal contributions, we get
Thus the transport angles θ H , θ N differ in the "vortex metal". Next we consider the specific heat, C(T ), in the "vortex metal" at low temperatures. Naively, the vortex and spinon Fermi seas would give the usual C ∼ T behavior. But this is modified due to gauge fluctuations. Within RPA we integrate out the (diffusive) fermionic spinons and vortices to obtain the quadratic action, S eff = S a + S int + S RPA with,
, where a t , α t , and β t denote transverse gauge fields in the Coulomb gauge, ρ v/s are the vortex/spinon density of states and D v/s (q, ω n ) = σ v/s |ω n | + χ v/s q 2 , with "magnetic susceptibilities" χ v/s . The free energy can now be readily extracted from the effective quadratic action giving,
Let us now discuss tunneling properties. Electron tunneling from a metallic tip is expected to be similar to that in a con-ventional 2d metal due to the gapless electron-like quasiparticles present in the vortex metal state. With a superconducting tip placed above the film, one can measure the Cooper pair tunneling conductance into the vortex metal [19] . The conductance G = G A + G cp has two parts: G A is due to simultaneous tunneling of two electrons, which is equivalent to the Andreev reflection of an incident hole, and G cp is due to tunneling of Cooper-pairs that get absorbed in the Cooper-pair fluid. Whereas G A measures the local density of states of the gapless quasiparticles and is almost temperature independent, G cp depends strongly on temperature. G cp is given by the Kubo formula, G cp ∝ i dtt [I(t), I(0)] . With the tip at x = 0, the Cooper-pair current operator is I = 2eJ sin φ 0 . First, we evaluate the imaginary time correlator, C(τ) = e iφ 0 (τ) e −iφ 0 (0) . The density of Cooper pairs is the "dual magnetic field," b = ǫ i j ∂ i a j and the Cooper pair current isẑ × e with "electric field", e = −∇a 0 − ∂ 0 a. C(τ) describes the process of inserting a monopole at x = 0 and removing it at a later time τ. The action of this monopole configuration determines C(τ); we calculate it within a quadratic action for the gauge field. Possibly, higher order terms in the gauge field action affect the result, but they are beyond the scope of this paper. Since the spinons do not affect the dominant large τ behavior [20] , we focus on the action due to vortices. Integrating them out within RPA, we obtain
